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1. Introduction
Let N denote the set of all positive integers and let N0 := N ∪ {0}. We consider a
double sequence {aj,k : j, k ∈ N0} of real numbers such that
lim
max{j,k}→∞




where ∆{1,2}(aj,k) := aj,k − aj+1,k + aj+1,k+1 − aj,k+1, j, k ∈ N0. In [13] Móricz
proved that if (x, y) ∈ (0, π]2, then the double cosine series
∑
(j,k)∈N20
λjλkaj,k cos jx cos ky, λ0 = 1/2; λj = 1, j ∈ N
converges regularly in the sense of Hardy [3]. In addition, he proved that the following








λjλkaj,k cos jx cos ky d(x, y).
In this paper we prove that the above result of Móricz is beyond the realm of
Lebesgue integration; we establish the following integrability theorem for double
cosine series:
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Theorem 1.1. Let {aj,k : (j, k) ∈ N20} be a double sequence of real numbers such
that limmax{j,k}→∞ aj,k = 0,
∆{1,2}(aj,k) = 0, (j, k) ∈ N
2
0 \ {2



































By modifying the proof of Theorem 1.1, we obtain the following result for double
sine series.
Theorem 1.2. Let {bj,k : j, k ∈ N} be a double sequence of real numbers such
that limmax{j,k}→∞ bj,k = 0,
∆{1,2}(bj,k) = 0, (j, k) ∈ N






























































This paper is organized as follows. In the next section we prove several integrability
theorems for single cosine or sine series. In Section 3 we prove a higher-dimensional
analogue of Theorem 1.1. In Section 4 we prove a higher-dimensional analogue of
Theorem 1.2.
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2. Some integrability theorems for single cosine or sine series
We begin with the following known result.





















We are now ready to state and prove an integrability theorem for one-dimensional
cosine series.
Theorem 2.2. Let {ak}∞k=0 be a null sequence of real numbers such that ak −
ak+1 = 0, k ∈ N \ {2r : r ∈ N} and
∞∑
k=0































|ak − ak+1| < ∞,
the result follows from Theorem 2.1. 
Let χA denote the characteristic function of a set A. The following example is an
easy consequence of Theorem 2.2.
E x am p l e 2.3. Let














λkak cos kx is not a Fourier series.
The next result involves absolutely convergent cosine series.
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ak(1 − cos 2kx)



































































































































































































































































∣∣∣∣ dx, k ∈ N









































































































We are now ready to state and prove an integrability theorem for single sine series.
Theorem 2.5. Let {bk}∞k=1 be a null sequence of real numbers such that bk −
bk+1 = 0, k ∈ N \ {2r : r ∈ N} and
∞∑
k=1
|bk − bk+1| converges. Then
∞∑
k=1
bk sinkx is a





























|bk − bk+1| < ∞,
the result follows from Theorem 2.4. 




(−1)ln j/ ln 2
χ{2r : r∈N}(j)
(ln j)3/2
, k ∈ N \ {1}
and let Bj = b2j −b2j+1 for j = 1, 2, . . .. Then {bn}
∞





















An application of Theorem 2.5 shows that
∞∑
k=1
bk sin kx is not a Fourier series.
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3. An integrability theorem for multiple cosine series
The main aim of this section is to establish a higher-dimensional analogue of
Theorem 2.2.
Let m > 2 be a fixed positive integer. For any two m-tuples p := (p1, . . . , pm),





N0, we write p 6 q if and only if pi 6 qi





















uk, p ∈ N
m
0 ,
where an empty sum is taken to be zero. We also write W ′ = {1, . . . , m} \ W
(W ⊆ {1, . . . , m}).
Definition 3.1 (cf. [9], [10], [5]). Let {uk : k ∈ Nm0 } be a multiple sequence of
real numbers. The multiple series
∑
k∈Nm0
uk converges regularly if for each ε > 0 there





for every p, q ∈ Nm0 satisfying q > p and max{p1, . . . , pm} > N(ε).
For any multiple sequence {uk : k ∈ Nm0 } of real numbers, we write ∆∅(uk) = uk,
∆{j}(uk) = uk1,...,kj−1,kj ,kj+1,...km − uk1,...,kj−1,kj+1,kj+1,...,km , j = 1, . . . , m
and ∆{j1,...,js}(uk) := ∆{j1} . . . ∆{js}(uk), {j1, . . . , js} ⊆ {1, . . . , m}.
Set |||x||| := max
k=1,...,m
|xk| (x := (x1, . . . , xm) ∈ Rm). We are now ready to state the
following important generalized Dirichlet test for multiple series.
Theorem 3.2 (cf. [5, Theorem 2.3]). Let {ck : k ∈ N
m
0 } be a multiple sequence
of real numbers such that lim
|||n|||→∞
cn = 0. If {xk : k ∈ Nm0 } is a multiple sequence of







































In order to prove a higher-dimensional analogue of Theorem 2.1, we need the
following result.
Lemma 3.3. Let {bj : j ∈ Nm} be a multiple sequence of real numbers such that∑
j∈Nm
|bj| converges.


































for every k ∈ Nm0 .
P r o o f. Part (i) is obvious. The proof of part (ii) is similar to that of [2,
Theorem 3.7.4] and [11, Lemmas 1 and 2]. 
A two-dimensional analogue of Theorem 2.1 is given in [12]. The next theorem is
a higher-dimensional analogue of Theorem 2.1.






































P r o o f. We write Sj(x) = sin 2























































































=: SN ,∅ +
∑
∅6=Γ⊂{1,...,m}
SN ,Γ + SN ,{1,...,m}.






































Next, we fix a non-empty set Γ ⊂ {1, . . . , m}. For each k ∈ Nm0 we write
Ω1(k, Γ) = {j ∈ N
m
0 : ji = ki ∀ i ∈ Γ, and 1 6 jl 6 kl ∀ l ∈ Γ
′},
Ω2(k, Γ) = {r ∈ N
m
0 : ri > ki + 1 ∀ i ∈ Γ, and rl = kl ∀ l ∈ Γ
′},
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Finally, an application of Lemma 3.3 gives
(10) sup
N∈Nm0









and so (6) follows from (9) and (10).
The following theorem is a higher-dimensional analogue of Theorem 2.2.
278
Theorem 3.5. Let {ak : k ∈ Nm0 } be a multiple sequence of real numbers such
that lim
|||n|||→∞
an = 0, ∆{1,...,m}(ak) = 0 (k ∈ N
m
0 \ {2
































P r o o f. Let Ak := ∆{1,...,m}(a2k1 ,...,2km ) (k ∈ N
m). Then, for each x ∈ (0, π]m,

























































































E x am p l e 3.6. Let {bj,k : (j, k) ∈ N20} be a double sequence of real numbers
such that bj,k = 0, (j, k) ∈ N20 \ {2
r : r ∈ N}2 and b2j ,2k = (j + k)
−3, (j, k) ∈ N2.
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λjλk cos jx cos ky converges regularly for










λjλk cos jx cos ky
is not a double Fourier series.
P r o o f. This is a consequence of Theorems 3.2 and 3.5. 













λjλk cos jx cos ky if (x, y) ∈ (0, π]2,
0 if (x, y) ∈ [0, π]2 \ (0, π]2.
An application of [8, Corollary 6.4] shows that the function f is Henstock-Kurzweil
(i.e. Perron) integrable on [0, π]2, and (12) is the Henstock-Kurzweil Fourier series
of f .
More details on the Henstock-Kurzweil integral can be found in [6], [7] and refer-
ences therein.
4. An integrability theorem for multiple sine series
The main aim of this section is to prove a higher-dimensional analogue of Theo-
rem 2.4. We need
Lemma 4.1. Let {ak : k ∈ Nm0 } be a multiple sequence of real numbers such that∑
k∈Nm0





























for every k ∈ Nm0 .
P r o o f. The proof is similar to that of [2, Theorem 3.7.4] and [11, Lemmas 1
and 2]. 
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The following theorem is a higher-dimensional analogue of Theorem 2.4.





























(1 − cos 2kixi)/xi














































































=: CN ,∅ +
∑
∅6=Γ⊂{1,...,m}
CN ,Γ + CN ,{1,...,m}.























Next, we fix a non-empty set Γ ⊂ {1, . . . , m}. For each k ∈ Nm0 we follow the
proof of Theorem 3.4 by setting
Ω2(k, Γ) = {r ∈ N
m




Ω3(k, Γ) = {j ∈ N
m






























































































































In view of (16), it remains to prove that
sup
N∈Nm0






















































































































































































The next theorem is a higher-dimensional analogue of Theorem 2.5.
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Theorem 4.3. Let {bk : k ∈ Nm} be a multiple sequence of real numbers such
that lim
|||n|||→∞
bn = 0, ∆{1,...,m}(bk) = 0 (k ∈ N














































P r o o f. For each j ∈ N we set Cj(x) := 1− cos 2jx and Sj(x) := sin 2jx. Then,










































































An application of Theorem 4.2 gives the result.







if (j, k) ∈ {(2r, 2s) : (r, s) ∈ N2},
0 otherwise,
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ar,s, (j, k) ∈ N2. Then the double series
∑
(j,k)∈N2
bj,k sin jx sin ky
converges regularly on [0, π]2. However, it is not a double Fourier series.
P r o o f. The first assertion is a consequence of Theorem 3.2. The other assertion















































































R em a r k 4.5. Let {bj,k : (j, k) ∈ N2} be given as in Example 4.4. k An applica-
tion of [8, Theorem 8.1] shows that the function (x, y) 7→
∑
(j,k)∈N2
bj,k sin jx sin ky is
Henstock-Kurzweil (i.e. Perron) integrable on [0, π]2. Furthermore, we deduce from
[13, Theorem 2] that
∑
(j,k)∈N2
bj,k sin jx sin ky is the Henstock-Kurzweil Fourier series
of the function (x, y) 7→
∑
(j,k)∈N2
bj,k sin jx sin ky.
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